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D zhoo0nqrzq dqg sureohpdwlf fkdudfwhulvwlf ri wkh vpdoo rshq hfrqrp|/ uhsuhvhqwdwlyh
djhqw Udpvh| prgho lv wkh idfw wkdw frqvxpswlrq dqg wkh vwrfn ri dvvhwv gr qrw/ xqghu
wkh dvvxpswlrq ri shuihfw fdslwdo prelolw|/ frqyhujh wr _vhqvleoh% ohyhov li wkh grphvwlf
udwh ri wlph suhihuhqfh glhuv iurp wkh zruog lqwhuhvw udwh1 Iru lqvwdqfh/ li wkh udwh ri wlph
suhihuhqfh h{fhhgv wkh zruog lqwhuhvw udwh/ djhqwv kdyh wkh lqfhqwlyh wr pruwjdjh doo wkhlu
kxpdq dqg qrqkxpdq zhdowk/ zlwk frqvxpswlrq frqyhujlqj wr }hur1 Rq wkh rwkhu kdqg/
li wkh hfrqrp| _sdwlhqw% lq wkh vhqvh wkdw lwv udwh ri wlph suhihuhqfh lv ohvv wkdq wkh zruog
lqwhuhvw udwh/ wkhq lw zloo dffxpxodwh zhdowk wr wkh srlqw wkdw lw hyhqwxdoo| _vwrsv% ehlqj
d vpdoo rshq hfrqrp|1 D vroxwlrq wr wklv sureohp lv irxqg lq d uhfhqw sdshu e| Kri dqg
Zluo +5334,/ zkr dvvxph wkdw uhsuhvhqwdwlyh djhqwv kdyh suhihuhqfhv qrw rqo| ryhu rzq
frqvxpswlrq/ exw dovr ryhu uhodwlyh zhdowk1 Lq wklv irupxodwlrq/ uhodwlyh zhdowk vhuyhv dv
d sur{| iru dq lqglylgxdo*v vwdwxv lq vrflhw|12 Lq wkhlu Udpvh| prgho ri uhodwlyh zhdowk/
Kri dqg Zluo +5334, vkrz wkdw wkh vpdoo rshq hfrqrp|jlyhq fhuwdlq uhvwulfwlrqv rq
sdudphwhu ydoxhvkdv dq lqwhulru orqj0uxq htxloleulxp dqg vdggohsrlqw vwdeoh g|qdplfv1
Wkh uhodwlyh zhdowk vshflfdwlrq kdv dovr ehhq xvhg e| uhvhdufkhuv vxfk dv Fruqhr dqg
Mhdqqh +4<<:,/ Udxvfkhu +4<<:d,/ dqg Ixwdjdpl dqg Vkledwd +4<<;, wr prgholq d forvhg
hfrqrp| iudphzrunwkh hhfwv ri vwdwxv0suhihuhqfhv rq yduldeohv vxfk dv wkh udwh ri
hfrqrplf jurzwk1 Dq dowhuqdwlyh dssurdfk ri prghoolqj vwdwxv lq d g|qdplf iudphzrun lv
wkh uhodwlyh frqvxpswlrq iudphzrun/ zklfk kdv ehhq xvhg e| Jdo +4<<7,/ Shuvvrq +4<<8,/
Kduedxjk +4<<9,/ Udxvfkhu +4<<:e,/ Jurvvpdqq +4<<;,/ Omxqjtylvw dqg Xkolj +5333,/ dqg
Ilvkhu dqg Kri +5333,1 Zkloh wkh uhodwlyh frqvxpswlrq dssurdfk lv dq dssursuldwh rqh iru
fhuwdlq sureohpv dqg/ ixuwkhupruh/ kdv d frqfhswxdo dgydqwdjh lq wkh vhqvh wkdw lw lv
hdvlhu wr _revhuyh% dqrwkhu shuvrq*v ohyho ri frqvxpswlrq/ lw kdv wkh glvdgydqwdjh wkdw lw
lv lqfdsdeohvlqfh lw grhv qrw dhfw wkh grphvwlf udwh ri uhwxuq rq dvvhwvri uhvroylqj
wkh lvvxh phqwlrqhg dw wkh vwduw ri wklv sdshu= wkh h{lvwhqfh ri dq lqwhulru htxloleulxp li
 hiUi?| _tUttL? Lu |t Ti?L4i?L? t uL?_ ? @hhL @?_ 5@*@@h|? EbbD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
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wkh udwh ri wlph suhihuhqfh glhuv iurp wkh zruog lqwhuhvw udwh1 Lqghhg/ wkh rqo| zd| wr
rewdlq dq lqwhulru htxloleulxp lq wkh uhodwlyh frqvxpswlrq frqwh{w lv wr lpsrvh htxdolw|
ehwzhhq wkh wlph udwh ri suhihuhqfh dqg wkh zruog lqwhuhvw udwh1e Zh eholhyh/ wkhuhiruh/
wkdw wkh uhodwlyh zhdowk dssurdfk/ zklfk zh zloo dgrsw khuh/ lv d surplvlqj rqh wr xvh wr
lqyhvwljdwh wkh uroh sod|hg e| vwdwxv0suhihuhqfh lq wkh hyroxwlrq ri vpdoo rshq hfrqrplhv1
Rqh frxqwhu0lqwxlwyh surshuw| ri wkh vpdoo rshq hfrqrp| Udpvh| prgho wkdw lv qrw/
krzhyhu/ holplqdwhg e| wkh lqwurgxfwlrq ri uhodwlyh zhdowk suhihuhqfhv lv wkh idfw wkdw
wkh grphvwlf fdslwdo vwrfnslqqhg0grzq e| wkh h{rjhqrxv zruog lqwhuhvw udwhgrhv qrw
srvvhvv wudqvlwlrqdo g|qdplfv1 Dv lv zhoo0nqrzq/ fdslwdo vwrfn g|qdplfv lq wkh vpdoo rshq
hfrqrp| frqwh{w fdq eh uhvwruhg e| dvvxplqj wkdw grphvwlf sk|vlfdo lqyhvwphqw wdnhv
sodfh vxemhfw wr frqyh{ lqvwdoodwlrq frvwv1 Wklv dssurdfk kdv ehhq xvhg e|/ dprqj rwkhuv/
Eurfn +4<;;,/ Vhq dqg Wxuqryvn| +4<;<d/ 4<;<e/ 4<<3,/ dqg Iuhqnho/ Ud}lq/ dqg \xhq
+4<<9,1 Dvvxplqj vwdqgdug uhvwulfwlrqv uhjduglqj wkh surgxfwlrq ixqfwlrq/ wkh fdslwdo vwrfn
dqg lwv vkdgrz sulfh +Wrelq*v t, wkhq srvvhvv vdggohsrlqw vwdeoh g|qdplfv1 Wkh jrdo ri
wklv sdshu lv wr lqyhvwljdwh wkh ehkdylru ri ryhudoo dvvhw dffxpxodwlrq lq d prgho wkdw
ihdwxuhv erwk uhodwlyh zhdowk suhihuhqfhv dqg fdslwdo vwrfn g|qdplfv1 Wr gr vr/ zh zloo
hpsor| d vwdwxv0suhihuhqfh iudphzrun vlplodu wr wkdw xvhg e| Ixwxjdpl dqg Vkledwd +4<<;,
dqg Kri dqg Zluo +5334,/ wrjhwkhu zlwk d vwdqgdug txdgudwlf lqvwdoodwlrq frvw ixqfwlrq1
Diwhu vroylqj iru wkh lqwhuwhpsrudo htxloleulxp ri wkh prgho/ zh zloo vkrz wkdw wkh vpdoo
rshq hfrqrp| srvvhvvhv wzr udwhv ri vwdeoh g|qdplf dgmxvwphqw= l, d _frqvxpswlrq0vlgh%
udwh ri dgmxvwphqw wkdw ghshqgv rq vwdwxv0suhihuhqfh dqg ll, d _surgxfwlrq0vlgh% udwh ri
dgmxvwphqw wkdw ghshqgv rq wkh fkdudfwhulvwlfv ri wkh lqvwdoodwlrq frvw ixqfwlrq1 Lw zloo
eh fdvh wkdw wkh g|qdplfv ri frqvxpswlrq lwvhoi ghshqgv vroho| rq wkh frqvxpswlrq0vlgh
udwh ri dgmxvwphqw/ zkloh wkh udwh ri dgmxvwphqw ri grphvwlf sk|vlfdo fdslwdo dqg lwv
vkdgrz sulfh lv d ixqfwlrq rqo| ri wkh surgxfwlrq0vlgh udwh ri dgmxvwphqw1 Lq frqwudvw/ zh
zloo ghprqvwudwh wkdw wkh hyroxwlrq ri wkh fxuuhqw dffrxqw edodqfhfruuhvsrqglqj wr wkh
dffxpxodwlrq ri qhw qdqfldo dvvhwvzloo ghshqg rq erwk +vwdeoh, udwhv ri dgmxvwphqw1
Wklv lqwurgxfhv dpeljxlwlhv lq wkh g|qdplfv ri wkh fxuuhqw dffrxqw1 Lq sduwlfxodu/ iru jlyhq
lqlwldo vwrfnv ri qhw qdqfldo dvvhwv dqg sk|vlfdo fdslwdo/ wkh sdwk wdnhq e| wkh fxuuhqw
eW? |t U@tic i^*Mh4 UL?t4T|L? @?_ |t t@_L @*i @*@)t ULhhitTL?_ |L |ih 4T*i_ t|i@_)
t|@|i @*it @?_c UL?ti^i?|*)c TLttitt ?L |h@?t|L?@* _)?@4Ut
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dffrxqw qhhg qrw eh prqrwrqlf1 Iru h{dpsoh/ wkh fxuuhqw dffrxqw edodqfh fdq lqlwldoo|
ghwhulrudwh/ uhdfk }hur/ dqg wkhq lpsuryh lq wkh wudqvlwlrq wr vwhdg|0vwdwh htxloleulxp1 Zh
zloo vkrz wkdw wkh idfwruv wkdw ghwhuplqh fxuuhqw dffrxqw g|qdplfv lq rxu prgho lqfoxgh
wkh uhodwlyh pdjqlwxghv ri wkh wzr vshhgv ri dgmxvwphqw dqg wkh orqj0uxq htxloleulxp ri
wkh hfrqrp|/ zklfk lv d ixqfwlrq/ lq sduw/ ri krz _vwurqjo|% djhqwv ydoxh vwdwxv1
Wkh sdshu kdv wkh iroorzlqj rujdql}dwlrq1 Vhfwlrq 5 ghvfulehv rxu prgho ri lghqwlfdo
frqvxphu0surgxfhuv zkr kdyh suhihuhqfhv ryhu uhodwlyh zhdowk dqg dffxpxodwh sk|vlfdo
fdslwdo vxemhfw wr lqvwdoodwlrq frvwv1 Lq wklv vhfwlrq/ zh fdofxodwh wkh qhfhvvdu| rswlpdolw|
frqglwlrqv dqg ghulyh wkh uhvxowlqj pdfurhfrqrplf htxloleulxp1 Wklv |lhogv glhuhqwldo
htxdwlrqv iru frqvxpswlrq +wkh Hxohu htxdwlrq,/ wkh fxuuhqw dffrxqw edodqfh/ grphvwlf
sk|vlfdo fdslwdo/ dqg wkh vkdgrz sulfh ri lqyhvwphqw1 D fuxfldo ihdwxuh ri rxu prgho lv
wkh dvvxpswlrq wkdw lghqwlfdo djhqwv pdnh wkh vdph fkrlfhv/ zklfk |lhogv d v|pphwulf
lqwhuwhpsrudo htxloleulxp1 Lq wkh qh{w vhfwlrq/ vhfwlrq 6/ zh dqdo|}h wkh vwhdg| vwdwh ri
wkh hfrqrp| dqg glvfxvv lwv uhodwlrqvkls wr vwdwxv suhihuhqfh1 Lq wklv frqwh{w/ zh vkrz
wkdw wkh orqj0uxq ohyhov ri qhw dvvhwv dqg frqvxpswlrq duh odujhu wkh _vwurqjhu% lv wkh
suhihuhqfh iru uhodwlyh zhdowk1 Zh qh{w vroyh iru wkh hfrqrp|*v olqhdul}hg g|qdplfv dqg
vkrz wkdw wkh vroxwlrqv iru wkh fdslwdo vwrfn dqg lwv vkdgrz ydoxh duh ghulyhg lqghshqghqwo|
iurp wkh Hxohu htxdwlrq dqg wkh fxuuhqw dffrxqw edodqfh1 Wkh vroxwlrqv iru wkh fdslwdo
vwrfn dqg lwv vkdgrz ydoxh duh wkhq xvhg wr fdofxodwh wkh sdwkv ri frqvxpswlrq dqg qhw
qdqfldo dvvhwv1 Wkh nh| lpsolfdwlrq ri wklv dqdo|vlv lv wkdw wkh fxuuhqw dffrxqw edodqfh
ghshqgv rq wkh vshhgv ri dgmxvwphqw ri erwk wkh surgxfwlrq dqg frqvxpswlrq vhfwruv ri
wkh hfrqrp|1 Wklv uhvxow lpsolhv wkdw wkh sdwk wdnhq e| wkh fxuuhqw dffrxqw edodqfh lq
wudqvlwlrq wr vwhdg|0vwdwh htxloleulxp fdq eh qrq0prqrwrqlf/ h1j1/ wkh fxuuhqw dffrxqw fdq
ghwhulrudwh sulru wr lwv hyhqwxdo lpsuryhphqw1 Wklv uhhfwv wkh idfw wkdw wkh dgmxvwphqw
ri wkh frqvxpswlrq dqg surgxfwlrq vhfwruv ri wkh hfrqrp| h{huflvh rssrvlqj lqxhqfhv rq
wkh g|qdplfv ri wkh fxuuhqw dffrxqw edodqfh1 Zkhwkhu wkh lqxhqfh ri wkh frqvxpswlrq
ru wkh surgxfwlrq vhfwruv grplqdwhv gxulqj wkh lqlwldo skdvh ri dgmxvwphqw ghshqgv/ lq
sduw/ rq krz lpsruwdqw duh uhodwlyh zhdowk frqvlghudwlrqv1 Lq vhfwlrq 6 zh zloo vxssohphqw
rxu dqdo|vlv zlwk qxphulfdo looxvwudwlrqv lq rughu wr foduli| rxu uhvxowv uhjduglqj wkh uroh
sod|hg e| vwdwxv suhihuhqfh lq wkh ghwhuplqlqj wkh lqwhuwhpsrudo htxloleulxp1 Zh frqfoxgh
wkh sdshu zlwk eulhi uhpdunv lq vhfwlrq 71
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Zh vwduw e| dvvxplqj d vpdoo rshq hfrqrp| lv srsxodwhg e| d odujh qxpehu ri lghqwl0
fdo/ lqqlwho|0olyhg frqvxphu0surgxfhuv1 Zlwkrxw orvv ri jhqhudolw|/ zh vshfli| wkdw wkh
srsxodwlrq ri frqvxphu0surgxfhuv lv frqvwdqw1 Dv d frqvxphu/ zh dvvxph wkdw hdfk djhqw
srvvhvvhv d jhqhudo lqvwdqwdqhrxv xwlolw| ixqfwlrq ryhu rzq frqvxpswlrq/ f/ dqg vwdwxv/ v/
X @ X+f> v,/ wkdw kdv wkh iroorzlqj surshuwlhv=
XS A 3/ Xr A 3/ XSS ? 3/ Xrr  3/ XSSXrr  X
2
Sr  3/ +4d,
XrSXS  XrXSS A 3> +4e,
olp
S<f
XS+f/ v, @4/ olp
S<"
XS+f/ v, @ 31 +4f,
Dffruglqj wr +4d,/ wkh uhsuhvhqwdwlyh djhqw dv d frqvxphu ghulyhv srvlwlyh/ wkrxjk glplq0
lvklqj/ pdujlqdo xwlolw| iurp rzq frqvxpswlrq dqg srvlwlyh dqg qrq0lqfuhdvlqj pdujlqdo
xwlolw| iurp vwdwxv1 Lq dgglwlrq/ wkh xwlolw| ixqfwlrq X mrlqwo| frqfdyh/ dffruglqj wr +4d,/
lq f dqg v1 Frqglwlrq +4e, lpsrvhv qrupdolw| rq suhihuhqfhv1 Lq rwkhu zrugv/ wklv phdqv
wkdw wkh pdujlqdo udwh ri vxevwlwxwlrq ri vwdwxv iru frqvxpswlrq/ Xr@XS/ ghshqgv srvlwlyho|
rq f1 Wkh qh{w frqglwlrq/ frqglwlrq +4f,/ ghvfulehv wkh olplwlqj ehkdylru ri wkh pdujlqdo
xwlolw| ri frqvxpswlrq1 Dv zh rxwolqhg lq wkh lqwurgxfwlrq/ zh vshfli| wkdw dq lqglylgxdo*v
vwdwxvghvfulehg e| wkh ixqfwlrq v @ v+d>D,ghshqgv rq erwk rzq qhw dvvhwv +@ qrqkx0
pdq zhdowk,/ d/ dqg dyhudjh qhw dvvhwv ri wkh sulydwh vhfwru/ D1 Zh dvvxph wkdw wkh vwdwxv
ixqfwlrq lv ghqhg iru doo +d>D, 5 +d>4, +d>4,1 Wkh vpdoo rshq hfrqrp|*v vwrfn ri qhw
dvvhwv frqvlvwv ri wkh qhw vwrfn ri ordqv Q rzhg e| wkh uhvw ri wkh zruog dqg wkh grphvwlf
sk|vlfdo fdslwdo vwrfn N/ vr wkdw D @ Q .N1 Fruuhvsrqglqjo|/ rzq/ ru lqglylgxdo/ qhw
dvvhwv htxdo d @ q. n1 Lq dgglwlrq/ zh dvvxph iru doo +d>D, 5 +d>4, +d>4, wkdw vwdwxv
lqfuhdvhv lq rzq zhdowk/ ghfuhdvhv lq dyhudjh zhdowk/ dqg wkdw wkh pdujlqdo vwdwxv lq rzq
7
dvvhwv lv qrq0lqfuhdvlqj/ l1h1=
v@ A 3/ v ? 3/ v@@  31 +5d,
Zh zloo dvvxph wkdw wkh vwdwxv ixqfwlrq +5d, wdnhv wkh iroorzlqj vlpsoh udwlr irup=
v+d>D, 
d d
D d
+5e,
Htxdwlrq +5e, vwdwhv wkdw rzq dqg dyhudjh zhdowk duh phdvxuhg zlwk uhvshfw wr d _orzhu
erxqg%/ ru _plqlpxp ydoxh%/ zklfk zh ghqrwh e| d1 Vlqfh zh gr qrw zdqw wr uxoh0rxw dw
wkh rxwvhw wkh srvvlelolw| wkdw wkh hfrqrp| uhdfkhv d orqj0uxq htxloleulxp zlwk d qhjdwlyh
vwrfn ri qhw dvvhwv/ zh zloo iroorz Kri dqg Zluo +5334, dqg vshfli| wkdw d wdnhv rq d
qhjdwlyh ydoxh/ l1h1/ d ? 31 Wkh sdudphwhu d fdq eh lqwhusuhwhg dv dq lqglfdwru ri grphvwlf
uhvlghqwv* dyhuvlrq wr +ru wrohudqfh iru, lqghewhgqhvv1D Lw lv hdvlo| yhulhg wkdw +5e, vdwlvhv
wkh surshuwlhv jlyhq lq +5d,/ iru doo +d>D, 5 +d>4, +d>4,1S
Wr khos foduli| rxu vxevhtxhqw dqdo|vlv/ zh zloo sdudphwhul}h wkh lqvwdqwdqhrxv xwlolw|
ixqfwlrq X+f> v,1 Vshflfdoo|/ zh zloo hpsor| d yhuvlrq ri wkh sdudphwhul}dwlrq xvhg e|
Ixwxjdpl dqg Vkledwd +4<<;,
X+f> v, @ +4 ,3

f
#
v
q
3w
 4

> +6,
zkhuh  A 3/  A 3/  A 3/ 4 +4 , A 3/ 4+4 ,  3/ 4 +. ,+4 ,  31. Rxu
dvvxpswlrqv hqvxuh wkdw +6, vdwlvhv wkh uhvwulfwlrqv vwdwhg deryh lq frqglwlrqv +4d,0+4f,1
Dv lqglfdwhg deryh/ zh dvvxph wkdw frqvxphu0surgxfhuv dv vdyhuv +eruurzhuv, dffx0
pxodwh grphvwlf sk|vlfdo fdslwdo n dqg ohqg qhw qdqfldo dvvhwv +dftxluh qhw ghewv, q lq
wkh lqwhuqdwlrqdo fuhglw pdunhw1 Lq d ixoo| lqwhjudwhg zruog fdslwdo pdunhw/ wkh udwh ri
uhwxuq rq qhw ordqv/ ru qdqfldo dvvhwv/ htxdov wkh h{rjhqrxv dqg wlph0lqyduldqw zruog
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lqwhuhvw udwh uW1 Lq dgglwlrq/ wkh uhsuhvhqwdwlyh djhqw lqhodvwlfdoo| vxssolhv rqh xqlw ri
oderu1 Frqvxphu0surgxfhuv wkhq frpelqh fdslwdo dqg oderu wr surgxfh shu0fdslwd rxwsxw
| xvlqj d vwdqgdug shu0fdslwd surgxfwlrq ixqfwlrq htxdo wr   i+n,/ zkhuh  ghqrwhv wrwdo
idfwru surgxfwlylw|/ dqg i+n, vdwlvhv wkh vwdqgdug qhrfodvvlfdo surshuwlhv/ zklfk duh jlyhq
e| i +n, A 3/ i +n, ? 3/ i+3, @ 3/ i+n, $ 4 dv n $ 4/ dorqj zlwk wkh xvxdo Lqdgd
frqglwlrqv1H Sk|vlfdo lqyhvwphqw/ ghqrwhg e| l/ lv vxemhfw wr lqvwdoodwlrq frvwv wkdw duh
ghvfulehg e| wkh iroorzlqj frqvwdqw uhwxuqv wr vfdoh/ txdgudwlf ixqfwlrq +l> n,
+l> n, @ l

4 .
k
5
l
n

> k A 3 +7,
zkhuh wkh sdudphwhu k vfdohv wkh pdujlqdo frvw ri sk|vlfdo lqyhvwphqw1 Jlyhq wkh hfrq0
rp|*v whfkqrorjlfdo dqg qdqfldo pdunhw srvvlelolwlhv/ qhw qdqfldo dvvhw dqg sk|vlfdo
fdslwdo dffxpxodwlrq reh| wkh iroorzlqj uhodwlrqvklsv=
bq @ i+n, . uWq l

4 .
k
5
l
n

 f/ +8d,
bn @ l= +8e,
Hpsor|lqj dq lqqlwh krul}rq/ shuihfw iruhvljkw iudphzrun/ wkh djhqw*v pd{lpl}dwlrq sure0
ohp lv irupxodwhg dv iroorzv
pd{
]
"
f

+4 ,3

f
#
v
q
3w
 4

h
34|
gw>  A 3
vxemhfw wr wkh rz frqvwudlqwv +8d, dqg +8e,/ wkh lqlwldo frqglwlrqv q+3, @ qf dqg n+3, @ nf/
dqg wkh Qr0Srq}l0Jdph +QSJ, uhvwulfwlrq/ htxdo wr olp|<" dh
3oW|
 31 Lq dgglwlrq/ wkh
sdudphwhu  ghqrwhv wkh h{rjhqrxv udwh ri wlph suhihuhqfh dqg v lv jlyhq e| htxdwlrq +5e,1
Uhjduglqj wkh udwh ri wlph suhihuhqfh/ zh zloo dvvxph wkdw djhqwv duh _lpsdwlhqw% lq wkh
vhqvh wkdw udwh ri wlph suhihuhqfh  h{fhhgv wkh zruog lqwhuhvw udwh uW/ + uW, A 31b D
fuxfldo ihdwxuh ri wklv rswlpl}dwlrq sureohp lv wkdw wkh uhsuhvhqwdwlyh djhqw wdnhv wkh wlph
H5Mti^i?|*)c i ** t4T*) U@** TihU@T|@ L|T|c RL|T|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sdwk ri dyhudjh zhdowk/ D @ Q .N/ dv jlyhq1 Lq rwkhu zrugv/ hdfk lqglylgxdo lv vpdoo
hqrxjk wr qhjohfw klv rzq frqwulexwlrq wr wkh dyhudjh ohyho ri zhdowk1 Wkh fxuuhqw ydoxh
Kdplowrqldq iru wklv sureohp fruuhvsrqgv wr
K+f> q> n> > t, @ +4 ,3
5
7#f#  q. n  d
Q .N  d
q$3w
 4
6
8
.

i+n, . uWq l

4 .
k
5
l
n

 f

. tl>
zkhuh  lv wkh fxuuhqw vkdgrz ydoxh ri zhdowk dqg t @ t lv wkh vkdgrz sulfh ri grphvwlf
fdslwdo lq whupv ri iruhljq dvvhwv1 Wkh qhfhvvdu| frqglwlrqv iru dq lqwhulru rswlpxp/KS @ 3/
K @ 3/ b @ K?/ dqg bt
 @ t K& duh wkhq h{suhvvhg dv
f
#3
v
q

f
#
v
q

3w
@ > +9d,
l @
+t  4,
k
n> +9e,
b @ + uW, 
f
#E3w
v
d3qE3wo
Q .N  d
> +9f,
bt @ t  
%
i
+n, .
k
5

l
n
2&
 
f
#E3w
v
d3qE3wo
Q .N  d
+9g,
zkhuh v  +d d@D d,1 Xvlqj wkh qhfhvvdu| frqglwlrqv +9d, dqg +9f, dqg wkh ghqlwlrq
t
 @ t/ zh fdq uhzulwh wkh qhfhvvdu| frqglwlrq +9g, iru grphvwlf fdslwdo dv
i
+n,
t
.
+t  4,2
5kt
.
f
t+Q .N  d,v
.
bt
t
@ uW .
f
+Q .N  d,v
+9h,
zkhuh zh kdyh vxevwlwxwhg iru wkh rswlpdolw| frqglwlrq iru lqyhvwphqw +9e, wr ghulyh wkh
ohiw0kdqg0vlgh ri +9h,1 Revhuyh/ pruhryhu/ wkdw wkh frqglwlrq +9h, ghvfulehv wkh htxdolw|
ehwzhhq wkh udwhv ri uhwxuq ri grphvwlf fdslwdo dqg qhw ordqv1 Wkh udwh ri uhwxuq ri gr0
phvwlf fdslwdowkh ohiw0kdqg0vlgh ri +9h,lqfoxghv irxu frpsrqhqwv1 Wkh uvw whup lv
:
wkh pdujlqdo sk|vlfdo surgxfw ri fdslwdo lq whupv ri wkh grphvwlf vkdgrz sulfh ri fdslwdo
t1 Wkh vhfrqg whup uhsuhvhqwv uhgxfwlrq lq lqvwdoodwlrq frvwv dulvlqj iurp dq dgglwlrqdo
xqlw ri fdslwdo1 Wkh wklug whup lv wkh jdlq lq xwlolw|h{suhvvhg lq whupv ri rxwsxwiurp
kljkhu vwdwxv/ jhqhudwhg e| dq dgglwlrqdo xqlw ri fdslwdo/ zkloh wkh irxuwk whup/ htxdo wr
bt@t/ uhsuhvhqwv wkh fdslwdo jdlq +ru orvv, iurp kroglqj sk|vlfdo dvvhwv1 Wkh udwh ri uhwxuq
ri qhw qdqfldo dvvhwvwkh uljkw0kdqg0vlgh ri +9h,lv wkh vxp ri wkh h{rjhqrxv zruog
lqwhuhvw udwh dqg wkh xwlolw| sd|0r lq whupv ri rxwsxw ri dffxpxodwlqj _vwdwxv0hqkdqflqj%
qhw qdqfldo dvvhwv1 Qrwh wkdw wkh vwdwxv jdlq ri dffxpxodwlqj grphvwlf sk|vlfdo fdslwdo
lv phdvxuhg lq whupv ri lwv vkdgrz sulfh t/ zkloh wkdw ri qhw qdqfldo dvvhwv lv vfdohg
e| wkh xqlwdu| sulfh ri rxwsxw1 Wkh dvvxpswlrqv pdgh deryh lq +4d,/ +5d,0+5e,/ dqg
+7, hqvxuh wkdw wkh Kdplowrqldq lv mrlqwo| frqfdyh lq wkh frqwuro yduldeohv f dqg l dqg
wkh vwdwh yduldeohv q dqg n1 Wklv lpsolhv wkdw li wkh olplwlqj wudqvyhuvdolw| frqglwlrqv
olp|<" qh
34| @ olp|<" nh
34| @ 3 krog/ wkhq wkh qhfhvvdu| frqglwlrqv +9d0h, duh vx0
flhqw iru rswlpdolw|1
Zh qh{w ghulyh wkh lqwhuwhpsrudo pdfurhfrqrplf htxloleulxp1 Lq frpprq zlwk prvw
ri wkh uhvhdufk dqdo|}lqj wkh hhfwv ri vwdwxv suhihuhqfh lq wkh g|qdplf pdfurhfrqrplf
prghov/ zh frqqh rxu dqdo|vlv wr v|pphwulf htxloleuld lq zklfk lghqwlfdo djhqwv pdnh
lghqwlfdo fkrlfhv1 Frqvhtxhqwo|/ +q. n, @ +Q .N, krogv ;w  31 Dv lqglfdwhg/ +q. n,/
wkh qhw dvvhwv/ ru zhdowk/ ri wkh grphvwlf sulydwh vhfwru/ frqvlvwv ri sk|vlfdo fdslwdo dqg
qhw qdqfldo fodlpv rq wkh uhvw ri wkh zruog1 Vxevwlwxwlrq ri +q. n, @ +Q .N, lqwr
wkh rswlpdolw| frqglwlrqv +9d,0+9f,/ +9h,/ dqg qhw qdqfldo dvvhw dffxpxodwlrq htxdwlrq
+8d,zkhuh wkh odwwhu fruuhvsrqgv wr wkh fxuuhqw dffrxqw edodqfhuhvxowv lq wkh iroorz0
lqj v|pphwulf rshq hfrqrp| htxloleulxp lq zklfk wkh yduldeohv +f> l> > n> t> q, reh| wkh
iroorzlqj uhodwlrqvklsv
f
3d3#E3wo @ > +:d,
l @ bn @
+t  4,
k
n> +:e,
;
b @ + uW, 
f
#E3w
q. n  d
> +:f,
bt @ uWt  i +n,
+t  4,2
5k
.
+t  4,f
+q. n  d,
+:g,
bq @ i+n, . uWq

t
2
 4

5k
n  f> +:h,
dv zhoo dv wkh lqlwldo frqglwlrqv q+3, @ qf/ n+3, @ nf dqg wkh olplwlqj wudqvyhuvdolw|
frqglwlrqv olp|<" qh
34| @ olp|<" nh
34| @ 31f
Zh zloo dqdo|}h wkh surshuwlhv ri wkh g|qdplf v|vwhp +:d,0+:h, lq whupv ri wkh frqwuro
yduldeoh frqvxpswlrq f/ udwkhu wkdq lq whupv ri wkh vkdgrz ri wkh +fxuuhqw, vkdgrz ydoxh
ri zhdowk/ 1 Wdnlqj wkh wlph ghulydwlyh ri +:d, dqg vxevwlwxwlqj wkh uhvxowlqj h{suhvvlrq
lqwr +:f, uhvxowv/ diwhu glylvlrq e| +:d,/ lq wkh iroorzlqj prglhg Hxohu htxdwlrq
bf @ ef^ue+uW> f> d, `> +;,
zkhuh wkh hhfwlyh hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq e dqg wkh hhfwlyh grphvwlf/
ru lqwhuqdo/ udwh ri uhwxuq rq dvvhwv ue duh jlyhq/ uhvshfwlyho|/ e|

e
 ^4 +4 ,`3 / ue+uW> f> q> n,  uW .
+@, f
+q. n  d,
+<d,
zkhuh=
+@,f
+q. n  d,
@
Xr+f> 4,
XS+f> 4,
v@+d> d, @
Xr+f> v+d>D,,
XS+f> v+d>D,,
v@+d>D, m@' +<e,
Wkh hhfwlyh udwh ri uhwxuq ue htxdov wkh vxp ri wkh zruog lqwhuhvw udwh uW dqg wkh pdujlqdo
udwh ri vxevwlwxwlrq ri rzq qhw dvvhwv d @ +q. n, iru frqvxpswlrq f dv shufhlyhg e| wkh
grphvwlf frqvxphu0surgxfhu lq d v|pphwulf vwdwh lq zklfk +q. n, @ +Q .N, krogv1
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Lq wklv irupxodwlrq/ wkh v|pphwulf PUV ri qhw dvvhwv iru frqvxpswlrq uhsuhvhqwv wkh
dgglwlrqdo uhwxuq wr vdylqj gxh wr vwdwxv suhihuhqfh lq zklfk wkh lqfuhphqwdo rz ri
xwlolw| iurp dq h{wud xqlw ri vdylqjv lv frqyhuwhg lqwr htxlydohqw xqlwv ri wkh frqvxpswlrq
jrrg1 Revhuyh iurp +<e, wkdw wkh v|pphwulf PUV lv wkh surgxfw ri wkh PUV ri vwdwxv
iru frqvxpswlrq lq wkh v|pphwulf htxloleulxp/ jlyhq e| ^Xr+f> 4,@XS+f> 4,` @ +@,f/ dqg
wkh pdujlqdo vwdwxv ri rzq dvvhwv lq wkh v|pphwulf htxloleulxp/ htxdo wr v@ @ +d d,
3 @
+q . n  d,31 Vlqfh wkh PUV ri vwdwxv iru frqvxpswlrq lv d srvlwlyh ixqfwlrq ri wkh
sdudphwhu wkh xwlolw| _zhljkw% ri vwdwxv lq wkh lqvwdqwdqhrxv xwlolw| ixqfwlrq +6,zh
fdq uhihu wr  dv d phdvxuh ri wkh _lpsruwdqfh% ri qhw dvvhw dffxpxodwlrq lq wkh txhvw
iru vwdwxv1 Glhuhqwldwlqj wkh h{suhvvlrq iru ue+uW> f> q> n, lq +<d, zlwk uhvshfw wr f/ q/ dqg
n/ lw lv vwudljkwiruzdug wr vkrz wkdw wkh v|pphwulf PUV/ dqg khqfh wkh hhfwlyh udwh ri
uhwxuq/ lv d srvlwlyh ixqfwlrq ri frqvxpswlrq dqg d qhjdwlyh ixqfwlrq ri qhw dvvhwv1 Iru rxu
sxusrvhv/ wkh dgydqwdjh ri wkh Hxohu htxdwlrq +;, prglhg iru vwdwxv0suhihuhqfh lv wkdw
frqvxpswlrq +srwhqwldoo|, glvsod|v vdggohsdwk g|qdplfv/ zklfk lpsolhv wkdw wkh vpdoo
rshq hfrqrp| +srwhqwldoo|, dyrlgv wkh frxqwhu0lqwxlwlyh wudqvlwlrqdo g|qdplfv ghvfulehg
lq wkh lqwurgxfwlrq1
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6141 Surshuwlhv ri wkh Vwhdg| Vwdwh dqg wkh G|qdplf V|vwhp
Ohwwlqj bf @ bt @ bn @ bq @ 3 lq htxdwlrqv +:e,/ +:g,/ +:h,/ dqg +;,/ zh ghulyh wkh iroorzlqj
vwhdg|0vwdwh htxloleulxp=
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@  uW> +43d,
t @ 4> +43e,
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i
+n, @ uW> +43f,
i+n, f @ uWq= +43g,
zkhuh { ghqrwhv wkh vwhdg| vwdwh ydoxh ri d yduldeoh {1 Wkh vwhdg|0vwdwh htxloleulxp gh0
vfulehg e| +43d,0+43g, ghwhuplqhv +f> q> t> n, dqg kdv wkh iroorzlqj fkdudfwhulvwlfv1 Htxd0
wlrq +43d, lv wkh vwhdg|0vwdwh yhuvlrq ri wkh Hxohu htxdwlrq/ zkloh +43e, lqglfdwhv wkdw
wkh vwhdg|0vwdwh vkdgrz ydoxh ri grphvwlf fdslwdo htxdov xqlw|1 Dffruglqj wr +43f,/ wkh
orqj0uxq pdujlqdo sk|vlfdo surgxfw ri fdslwdo htxdov wkh h{rjhqrxv zruog lqwhuhvw udwh/
zklfk ghwhuplqhv wkh orqj0uxq ydoxhv ri wkh fdslwdo vwrfn n dqg rxwsxw |1 Ilqdoo|/ ehfdxvh
wkh fxuuhqw dffrxqw edodqfh lv }hur lq orqj0uxq htxloleulxp/ htxdwlrq +43g, lpsolhv wkdw
wkh vwhdg|0vwdwh h{fhvv ri rxwsxw ryhu frqvxpswlrq fruuhvsrqgv wr qhw lqwhuhvw vhuylfh1
D nh| fkdudfwhulvwlf ri wklv orqj0uxq htxloleulxp lv wkdw wkh vwhdg|0vwdwh ydoxhv ri wkh
_surgxfwlrq0vlgh% ri wkh hfrqrp|/ l1h1/ t/ n dqg |/ duh ghwhuplqhg vroho| e| wkh vwhdg|0
vwdwh uhodwlrqvklsv +43e,0+43f, dqg/ frqvhtxhqwo|/ duh lqghshqghqw ri +43d,0+43g,/ zklfk
zh fdq frqyhqlhqwo| whup wkh vwhdg|0vwdwh _frqvxpswlrq0vlgh% ri wkh hfrqrp|1 Lpsolflwo|/
vroylqj wkh vwhdg|0vwdwh pdujlqdo frqglwlrq +43f, iru n/ zh fdq h{suhvv wkh vwhdg|0vwdwh
fdslwdo vwrfn dv d ixqfwlrq ri wrwdo idfwru surgxfwlylw|  dqg wkh zruog lqwhuhvw udwh uW=
n @ n+> uW,> Cn@C @  i +n,^i +n,`3 A 3> Cn@CuW @ ^i +n,`3 ? 3=
+44,
Dffruglqj wr +44,/ wkh vwhdg|0vwdwh grphvwlf fdslwdo vwrfn n +dqg rxwsxw |, lv d srvlwlyh
ixqfwlrq ri wrwdo idfwru surgxfwlylw| dqg d qhjdwlyh ixqfwlrq ri wkh zruog lqwhuhvw udwh1
Vxevwlwxwlrq ri n @ n+> uW, lqwr +43d, dqg +43g, |lhogv wkh wzr0htxdwlrq v|vwhp wkdw
ghwhuplqhv wkh vwhdg|0vwdwh ydoxhv ri frqvxpswlrq dqg qhw qdqfldo dvvhwv=2
+@, f
q. n  d
@  uW> +45d,
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i+n, f @ uWq= +45e,
Htxdwlrqv +45d,0+45e, fdq wkhq eh mrlqwo| vroyhg iru f dqg q=
f @
+ uW, uW
 ^4 . +@,`uW
%
i+n,
uW
 +n  d,
&
> +46d,
q @
4
 ^4 . +@,`uW
k
+@, i+n, + uW, +n  d,
l
1 +46e,
Xvlqj +44, dqg +46e,/ zh fdq dovr ghwhuplqh wkh h{suhvvlrq iru wkh vwhdg|0vwdwh h{fhvv ri
grphvwlf qhw dvvhwv ryhu lwv orzhu erxqg/ l1h1/
k
+q. n, d
l
@ +d d,=
k
+q. n, d
l
@ +d d, @
+@, uW
 ^4 . +@,`uW
%
i+n,
uW
 +n  d,
&
= +46f,
Zh zloo uhvwulfw rxu dwwhqwlrq wr orqj0uxq htxloleuld zlwk srvlwlyh ohyhov ri frqvxps0
wlrq dqg d srvlwlyh h{fhvv ri grphvwlf qhw dvvhwv ryhu lwv orzhu erxqg/ l1h1/ f A 3 dqgk
+q. n, d
l
@ +d d, A 31 Wklv uhtxluhv wkdw zh lpsrvh wkh iroorzlqj uhvwulfwlrqv rq
+46d, dqg +46f,=
 ^4 . +@,`uW A 3>
i+n,
uW
 +n  d, A 3= +47,
Wkh uvw frqglwlrq ri +47, lpsrvhvlq hhfwdq xsshu erxqg rq wkh vwdwxv0suhihuhqfh
sdudphwhu  iru jlyhq ydoxhv ri / uW/ dqg 1 Wkh vhfrqg frqglwlrq ri +47, uhtxluhv wkdw wkh
suhvhqw glvfrxqwhg ydoxh ri rxwsxw h{fhhg wkh glhuhqfh ehwzhhq wkh vwhdg|0vwdwh fdslwdo
vwrfn dqg wkh ghew0wrohudqfh sdudphwhu d1 Wkh frqglwlrqv lq +47, shuplw/ qhyhuwkhohvv/ q
dqg d wr eh qhjdwlyh1 Zkdw lv wkh hhfw ri dq lqfuhdvh lq wkh vwdwxv sdudphwhu  rq
wkh vwhdg|0vwdwh ydoxhv ri f/ q/ dqg +d d,B Xvlqj wkh vroxwlrqv +46d,0+46f,/ lw lv vwudljkw0
iruzdug wr vkrz wkdw kljkhu ydoxhv ri fruuhvsrqglqj wr d kljkhu ghjuhh ri vwdwxv0
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frqvflrxvqhvvohdg wr juhdwhu ydoxhv ri f/ q/ dqg +d d,1e Zh fdq dovr hpsor| wkh iro0
orzlqj qxphulfdo sdudphwhul}dwlrq ri wkh hfrqrp|/ dvvxplqj Free0Grxjodv whfkqrorj|/
wkdw vdwlvhv wkh uhvwulfwlrqv vwdwhg lq +47,=D
 @ 3=37> uW @ 3=36>  @ 3=;> d @ 3=8|> | @ nf>  @ 4= +48d,
Vlqfh wkh vwhdg|~vwdwh pdujlqdo surgxfw ri fdslwdo htxdov wkh zruog lqwhuhvw udwh dffrug0
lqj wr htxdwlrq +43f,/ wkh vwhdg|0vwdwh ydoxhv ri wkh grphvwlf fdslwdo vwrfn dqg rxwsxw
fruuhvsrqg wr=
n @ 59=;5:> | @ 5=9;5:= +48e,
Xvlqj +48d,0+48e, dqg wkh vroxwlrqv iru f/ q/ dqg +d d, jlyhq lq +46d,0+46f,/ zh fdq
fdofxodwh wkh hhfwv ri juhdwhu ydoxhv ri  rq wkh vwhdg|0vwdwh ri wkh frqvxpswlrq0vlgh
ri wkh hfrqrp|1 Wkhvh uhvxowv duh vwdwhg lq Wdeoh 4/ zkhuh zh shuplw wkh ydoxhv ri wkh
vwdwxv0sdudphwhu  wr udqjh iurp 3=37 wr 3=571S Revhuyh wkdw li  wdnhv wkh uhodwlyho| _orz%
ydoxh ri 3=37/ wkh hfrqrp| lv d qhw ghewru lq vwhdg| vwdwh htxloleulxp/ +q @ 4:=68;:,1
Lq wklv fdvh djhqwv* suhihuhqfh iru uhodwlyh zhdowk lv lqvxflhqwo| vwurqj wr lqgxfh djhqwv
wr ehfrph qhw fuhglwruv lq orqj0uxq htxloleulxp1. Qhyhuwkhohvv/ lq dffrugdqfh zlwk wkh
uhvwulfwlrqv lq +47,/ qhw dvvhwv lq vwhdg|0vwdwh htxloleulxp vwloo h{fhhg wkhlu orzhu erxqg
ri d/ ^+d d, @ 43=;3<:`1 Dv  dvvxphv surjuhvvlyho| kljkhu ydoxhv/ +  @ 3=45/ 3=49/ 3=53/
3=57,/ zh vhh iurp Wdeoh 4 wkdw wkh vpdoo rshq hfrqrp| ehfrphv d juhdwhu qhw fuhglwru
lq orqj0uxq htxloleulxp1 Vlqfh d juhdwhu vwrfn ri lqwhuqdwlrqdo dvvhwv dovr lpsolhv pruh qhw
lqwhuhvw lqfrph/ kljkhu ydoxhv ri  shuplw djhqwv wr hqmr| lqfuhdvlqj ohyhov ri vwhdg|0vwdwh
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frqvxpswlrq f/ dv lv hylghqw iurp wkh uvw froxpq ri Wdeoh 4 lq zklfk f lqfuhdvhv iurp
5=494< wr 4;=6:98 dv  ulvhv iurp 3=37 wr 3=571
Wkh qh{w vwhs lv wr olqhdul}h wkh glhuhqwldo htxdwlrqv iru + bf/ bt/ bn/ bq, derxw wkh vwhdg|0
vwdwh htxloleulxp ghvfulehg deryh1 Wklv surfhgxuh |lhogv wkh iroorzlqj uhodwlrqvklsv
bf @

e +@, f
q. n  d
+f f,

e +@, f2
+q. n  d,2
+n  n,

e +@, f2
+q. n  d,2
+q q,
@ e + uW, +f f, e + uW,
2
+@,
3
k
+n  n, . +q q,
l
> +49d,
bt @

u
W .
+@, f
q. n  d

+t  4, i +n,+n  n,
@  +t  4, i +n,+n  n,> +49e,
bn @ k3n+t  4,> +49f,
bq @ +f f, k3n+t  4, . uW+n  n, . uW+q q,= +49g,
zkhuh zh kdyh xvhg wkh idfw iurp +46d,0+46f, wkdw f@+d d, @ +@,3 + uW, wr ghulyh
wkh vhfrqg htxdolwlhv ri +49d,0+49e,1 Revhuyh wkdw wkh glhuhqwldo htxdwlrqv +49e,0+49f,
frqvwlwxwh dq wzr0htxdwlrq g|qdplf v|vwhp lq + bt> bn, wkdw fdq eh vroyhg lqghshqghqwo| ri
+49d,0+49g,/ wkh glhuhqwldo htxdwlrqv iru frqvxpswlrq dqg wkh fxuuhqw dffrxqw edodqfh1H
6151 Surgxfwlrq0Vlgh G|qdplfv
Uh0h{suhvvlqj +49e,0+49f, dv d pdwul{ v|vwhp/ zh vwdwh wkh surgxfwlrq0vlgh g|qdplfv=
3
C bt
bn
4
D @
3
C  i
+n,
k3n 3
4
D
3
C t  4
n  n
4
D = +4:,
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Wkh g|qdplf dqg vwdelolw| surshuwlhv ri +4:, fdq eh ghwhuplqhg e| h{dplqlqj lwv fkdudf0
whulvwlf htxdwlrq/ zklfk lv htxdo wr
3 @  + ,. k3ni +n, @ 2  wu +M,. ghw +M, > +4:,
zkhuh wkh wudfh dqg ghwhuplqdqw ri wkh Mdfrehdq pdwul{ M lq +4:, duh jlyhq e|=
wu +M, @  . 2 @  A 3> ghw +M, @ 2 @ k
3ni +n, ? 3=
Vlqfh ghw+M, ? 3/ wkh vwhdg| vwdwh htxloleulxp +n> 4, ghvfulehv d vdggohsrlqw/ zlwk wkh
vwdeoh dqg xqvwdeoh hljhqydoxhv kdylqj wkh iroorzlqj surshuwlhv=  ? 3/ 2 A 3/ mm ? 21
Hpsor|lqj vwdqgdug whfkqltxhv/ zh fdq fdofxodwh wkh iroorzlqj vwdeoh vroxwlrq iru wkh
grphvwlf fdslwdo vwrfn dqg lwv vkdgrz ydoxh
t  4 @ kn
3+n  n, @
i +n,
 
+n  n,> +4;d,
n @ n  +n  nf,h
>|> +4;e,
vxfk wkdw wkh grphvwlf fdslwdo vwrfn dgmxvwv iurp d jlyhq lqlwldo ydoxh/ nf1
b Wkh g|qdplfv
ri wklv v|vwhp lv looxvwudwhg lq Iljxuh 4/ zklfk ghslfwv wkh bt @ 3 orfxv/ wkh bn @ 3 orfxv +htxdo
wr t @ 4,/ wkh vwdeoh vdggohsdwk[[/ dqg wkh vwhdg|0vwdwh htxloleulxp +n> 4, fruuhvsrqglqj
wr srlqw G1 Ehfdxvh wkh vorsh ri wkh bt @ 3 orfxv lv jlyhq e| +gt@gn, m ^'f@ i
+n,@ ? 3/
lw lv fohdu wkdw=
gt
gn

ff
@
i +n,
 
A
gt
gn

^'f
@
i +n,

=
Lq rwkhu zrugv/ wkh bt @ 3 orfxv lv _vwhhshu% wkdw wkh vdggohsdwk [[12f Vlqfh wkh vwd0
eoh vdggohsdwk [[ lv qhjdwlyho| vorshg/ wkh fdslwdo vwrfn dqg lwv vkdgrz ydoxh pryh lq
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rssrvlwh gluhfwlrqv/ l1h1/ vjq + bt, @ vjq + bn,1 Lq Iljxuh 4 zh kdyh dovr lqglfdwhg dw srlqw
E wkh lqlwldo srvlwlrq ri wkh surgxfwlrq0vlgh ri wkh hfrqrp| dv zhoo dv wkh duurzv ghwhu0
plqlqj wkh gluhfwlrq ri pryhphqw lq wkh skdvh sodqh1 Vlqfh t +w, A 4 ehwzhhq srlqwv E
dqg G/ sk|vlfdo lqyhvwphqw lv srvlwlyh/ bn +w, A 3/ gxulqj wkh hqwluh wudqvlwlrq wr orqj0uxq
htxloleulxp1 Vroylqj wkh fkdudfwhulvwlf htxdwlrq +4:, iru vwdeoh hljhqydoxh / zh rewdlq=
 @
4
5

wu +M,
t
^wu +M,`
2
. 7 mghw +M,m

@
4
5


t
2  7k3ni +n,

=
+4<d,
Wklv h{suhvvlrq uhyhdov wkdw vshhg ri vwdeoh dgmxvwphqw ri wkh surgxfwlrq0vlgh ri wkh
hfrqrp|htxdo wr mmlv d ixqfwlrq ri wkh udwh ri wlph suhihuhqfh  dqg ri wkh fxuydwxuh
surshuwlhv ri wkh lqvwdoodwlrq frvw ixqfwlrq  +l> n, dqg wkh surgxfwlrq ixqfwlrq i +n,/ lq
dgglwlrq wr wrwdo idfwru surgxfwlylw| 12 Lw lv/ ixuwkhupruh/ lqghshqghqw ri wkh sdudphwhuv
ri wkh lqvwdqwdqhrxv xwlolw| ixqfwlrq ghvfulehg deryh lq htxdwlrq +6,1 E| gluhfw fdofxodwlrq/
zh fdq vkrz wkh iroorzlqj uhodwlrqvklsv ehwzhhq mm dqg / / i
+n,/ dqg k rewdlq=
C mm
C
B 3>
C mm
C
A 3>
C mm
C^i +n,`
? 3>
C mm
Ck
? 3= +4<e,
Wkh sduwldo ghulydwlyhv lq +4<e, lpso|= l, dq dpeljxrxv uhodwlrqvkls ehwzhhq wkh udwh ri
wlph suhihuhqfh  dqg mm/ ll, d srvlwlyh uhodwlrqvkls ehwzhhq wrwdo idfwru surgxfwlylw|
 dqg mm/ lll, d qhjdwlyh uhodwlrqvkls ehwzhhq wkh fxuydwxuh ri wkh surgxfwlrq ixqfwlrq
i
+n, dqg mm/ dqg ly, d qhjdwlyh uhodwlrqvkls ehwzhhq wkh lqvwdoodwlrq frvw ixqfwlrq
sdudphwhu k dqg mm1 Lq Wdeoh 5d zh looxvwudwhxvlqj rxu qxphulfdo sdudphwhul}dwlrq lq
+48d,0+48e,wkh qhjdwlyh uhodwlrqvkls ehwzhhq k dqg mm iru ydoxhv ri k udqjlqj iurp
4 wr 531 Fohduo|/ kljkhu ydoxhv ri wkh dgmxvwphqw frvw sdudphwhu k orzhu wkh vshhg ri
dgmxvwphqw mm1 Zh zloo xvh wkhvh uhvxowv vxevhtxhqwo| lq dqdo|}lqj wkh g|qdplfv ri wkh
fxuuhqw dffrxqw edodqfh1
2W? T@h|U*@hc ?L|i |@| |i |ih4 3& ULhhitTL?_t |L

Y2[Ec &*Y2

3

49
6161 Frqvxpswlrq0Vlgh G|qdplfv
Rxu qh{w vwhs lv wr xvh wkh surgxfwlrq0vlgh vroxwlrqv +4;d,0+4;e, wr ghwhuplqh wkh sdwkv
ri frqvxpswlrq dqg wkh fxuuhqw dffrxqw1 Vxevwlwxwlqj +4;d,0+4;e, lqwr wkh olqhdul}hg h{0
suhvvlrqv iru bf dqg bq lq +48d,0+48g,/ zh rewdlq wkh iroorzlqj qrqkrprjhqhrxv glhuhqwldo
htxdwlrq v|vwhp lq + bf> bq,
3
C bf
bq
4
D @
3
C g g2
4 uW
4
D
3
C f f
q q
4
D.
3
C g2
 +uW  ,
4
D
n  nf

h
>|
> +53,
zkhuh=
g @ 
e + uW, A 3> g2 @ 
e + uW,2 +@,3 ? 3=
Wkh frpsohwh vroxwlrq ri +53, lv wkh vxp ri wkh jhqhudo vroxwlrq ri wkh krprjhqrxv v|vwhp
dqg d sduwlfxodu vroxwlrq ri wkh qrqkrprjhqhrxv sduw ri +53,1 Hpsor|lqj wkh vdph phwkrgv
xvhg wr vroyh +49,/ lw lv hdv| wr vkrz wkdw wkh vwdeoh vroxwlrq wr wkh krprjhqrxv sduw ri
+53, fdq eh h{suhvvhg dv
f @ f. +uW  $,Dh
/|
> +54d,
q @ q.Dh
/|
> +54e,
zkhuh $ ? 3 lv wkh vwdeoh hljhqydoxh ri wkh Mdfreldq J ri krprjhqrxv sduw ri +53, dqg
zkhuh D lv dq duelwudu| frqvwdqw wr eh ghwhuplqhg1 Iurp wkh Mdfreldq pdwul{ J/ lw lv
vwudljkwiruzdug wr vkrz wkdw wkh fkdudfwhulvwlf htxdwlrq ri J lv htxdo wr
3 @ +g  $, +u
W
 $, . g2 @ $
2
 wu +J,$ . ghw +J, > +55,
zkhuh wkh wudfh dqg ghwhuplqdqw ri wkh Mdfreldq ri +53, fruuhvsrqg wr=
wu +J, @ $ . $2 @ g . u
W @ e + uW, . uW A 3>
ghw +J, @ $$2 @ gu
W . g2 @ 
e + uW, +@,3 ^ ^4 . +@,`uW` ? 3=
4:
Wkh h{suhvvlrqv iru wu+J, dqg ghw+J, lpso| wkdw wkh hljhqydoxhv ri J/ jlyhq rxu dvvxps0
wlrqv/ reh| wkh iroorzlqj uhodwlrqvklsv= $ ? 3/ $2 A 3/ m$m ? $21 Qrwh wkdw wkh frqglwlrq
  u
W
A 3 lv vxflhqw iru wu+J, A 31 Lq frqwudvw/ ghw+J, ? 3 lv hqvxuhg rqo| li erwk
u
W
A 3 dqg wkh uvw uhvwulfwlrq lq +47, krog1 Li ghw+J, ? 3/ wkh krprjhqrxv sduw ri wkh
vroxwlrq ri +53, glvsod|v vdggohsrlqw g|qdplfv1 Xvlqj wkh fkdudfwhulvwlf htxdwlrq +55,/ zh
fdq zulwh wkh h{suhvvlrq iru wkh vwdeoh hljhqydoxh $ dv=
$ @
4
5

wu +J,
t
^wu +J,`2 . 7 mghw +J,m

@
4
5


e + uW, . uW 
t
^e + uW, . uW`2 . 7e + uW, +@,3 ^ ^4 . +@,`uW`

+56,
Fohduo|/ wkh vshhg ri vwdeoh dgmxvwphqw m$m ri wkh krprjhqrxv v|vwhp ghshqgv rq wkh
ydoxh ri wkh zruog lqwhuhvw udwh uW dqg suhihuhqfh sdudphwhuv vxfk dv wkh udwh ri wlph glv0
frxqw / wkh hhfwlyh lqwhuwhpsrudo hodvwlflw| ri vxevwlwxwlrq e @ ^4 +4 ,`3/ dqg wkh
whup  wkdw phdvxuhv wkh lpsruwdqfh ri uhodwlyh zhdowk iru vwdwxv0frqvflrxv frqvxphuv1
Revhuyh/ lq dgglwlrq/ wkdw m$m ghshqgv qhlwkhu rq wkh fkdudfwhulvwlfv ri wkh surgxfwlrq
ixqfwlrq qru rq wkh lqvwdoodwlrq frvw ixqfwlrq1 Hpsor|lqj wkh deryh qxphulfdo sdudphwhu0
l}dwlrq iru vshflhg ydoxhv ri e/ zh fdq frqvlghu wkh hhfw ri kljkhu ydoxhv ri  rq wkh
vwdeoh vshhg ri dgmxvwphqw122 Zh shuirup wkh fdofxodwlrqv iru wzr ydoxhv ri wkh hhfwlyh
lqwhuwhpsrudo hodvwlflw| ri vxevwlwxwlrq/ e @ 3=7 dqg e @ 5=8/ dqg/ dv ehiruh/ doorz wkh
vwdwxv0sdudphwhu  wr udqjh iurp 3=37 wr 3=5712 Wkh qxphulfdo h{suhvvlrqv iru m$m duh
uhsruwhg lq Wdeoh 5e dqg uhyhdo wkdw kljkhu ydoxhv ri  ohdg wr uhgxfwlrqv lq m$m1 Lq rwkhu
zrugv/ wkh vshhg ri dgmxvwphqw ri wkh frqvxpswlrq0vlgh hfrqrp| _vorzv grzq% wkh pruh
lpsruwdqw duh vwdwxv frqvlghudwlrqv/ d uhvxow wkdw lv urexvw/ dffruglqj wr Wdeoh 5e/ uhjdug0
ohvv ri zkhwkhu e lv ohvv wkdq +e @ 3=7, ru juhdwhu wkdq +e @ 5=8, xqlw|12e Lqghhg/ wkh
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vshhg ri dgmxvwphqw ghfolqhv e| d idfwru ri 68=9< dv  ulvhv iurp 3=37 wr 3=57 li e @ 3=7/
zkloh lw idoov e| d idfwru ri 5;=55 dv  ulvhv iurp 3=37 wr 3=57 li e @ 5=81
Frqwlqxlqj/ zh vshfli| wkdw d sduwlfxodu vroxwlrq ri +53, fruuhvsrqgv wr wkh iroorzlqj
htxdwlrqv
f @ f.Hh
>|
> +57d,
q @ q. Ih
>|
> +57e,
zkhuh H dqg I duh jlyhq frqvwdqwv wr eh ghwhuplqhg dqg  lv wkh vwdeoh hljhqydoxh ri
wkh surgxfwlrq0vlgh ri wkh hfrqrp|1 Vxevwlwxwlrq ri wkh sduwlfxodu vroxwlrqv +57d,0+57e,
lqwr wkh qrqkrprjhqhrxv g|qdplf v|vwhp +53,/ |lhogv H @ 3 dqg I @ +n  nf,/ zklfk
lpsolhv wkdw wkh sduwlfxodu vroxwlrqv +57d,0+57e, iru frqvxpswlrq dqg qhw qdqfldo dvvhwv
ehfrph=
f @ f> q @ q. +n  nf,h
>|1 +58d058e,
Frpelqlqj wkh vroxwlrqv +54d,0+54e, ri wkh krprjhqrxv v|vwhp zlwk wkh sduwlfxodu vrox0
wlrqv +58d,0+58e,/ zh rewdlq wkh iroorzlqj jhqhudo vroxwlrq ri wkh qrqkrprjhqhrxv v|vwhp=
f @ f. +u  $,Dh
/| +59d,
q @ q.Dh
/| . +n  nf,h
>|
= +59e,
Wkh duelwudu| frqvwdqw D lv wkhq irxqg xvlqj wkh dvvxpswlrq wkdw wkh vwrfn ri qhw
qdqfldo dvvhwv dgmxvwv iurp dq lqlwldo ydoxh/ l1h1/ q +3, @ qf1 Wklv lpsolhv D @

k
+q qf, . +n  nf,
l
@  +d df,1 Frqvhtxhqwo|/ wkh frpsohwh vroxwlrqv iru frqvxps0
wlrq dqg qhw qdqfldo dvvhwv htxdo=
f @ f +uW  $,
k
+q qf, . +n  nf,
l
h
/|
> +5:d,
4<
q @ q
k
+q qf, . +n  nf,
l
h
/| . +n  nf,h
>|
= +5:e,
6171 Fxuuhqw Dffrxqw G|qdplfv
Wr uhylhz rxu uhvxowv wkxv idu/ zh kdyh vkrzhg wkdw wkh vpdoo rshq hfrqrp| zlwk vwdwxv0
suhihuhqfhv iru uhodwlyh zhdowk dqg lqvwdoodwlrq frvwv ri dffxpxodwlqj sk|vlfdo fdslwdo srv0
vhvvhv wzr glvwlqfw vshhgv ri dgmxvwphqw/ mm dqg m$m1 Wkh g|qdplfv ri wkh fdslwdo vwrfn
dqg lwv vkdgrz ydoxh ghshqg vroho| rq mm/ zkloh wkdw ri frqvxpswlrq ghshqgv vroho| rq
m$m1 Lqvshfwlrq ri wkh vroxwlrq iru qhw qdqfldo dvvhwv lq +5:e, vkrzv/ krzhyhu/ wkdw lw gh0
shqgv rq erwk mm dqg m$m1 Wdnlqj wkh wlph ghulydwlyh ri htxdwlrq +5:e,zklfk frqyhuwv
lw lqwr dq h{suhvvlrq iru wkh fxuuhqw dffrxqw edodqfhzh rewdlq=
bq +w, @ $
k
+q qf, . +n  nf,
l
h
/| . +n  nf,h
>|
= +5;,
Dvvxplqj wkdw qhw qdqfldo dvvhwv dqg sk|vlfdo fdslwdo dw w @ 3 duh ehorz wkhlu vwhdg|0
vwdwh ydoxhv/ l1h1/ +q qf, A 3/ +n  nf, A 3/ wkh h{suhvvlrq iru bq+w, lq +5;, uhyhdov wkdw
wkh wzr vshhgv ri dgmxvwphqw kdyh rssrvlwh hhfwv rq bq+w,12D Wkdw lv/ wkh uvw whup rq wkh
uljkw0kdqg0vlgh ri +5;, ghshqghqw rq m$m lv dvvrfldwhg zlwk dq lpsuryhphqw lq wkh fxuuhqw
dffrxqw ^ bq +w, A 3`/ zkloh wkh vhfrqg whup rq wkh uljkw0kdqg0vlgh ri +5;, ghshqghqw rq
mm lv dvvrfldwhg zlwk d ghwhulrudwlrq lq wkh fxuuhqw dffrxqw ^ bq +w, ? 3`1 Fohduo|/ wkhq/ wkh
g|qdplfv ri wkh fxuuhqw dffrxqw edodqfh ghshqg rq wkh uhodwlyh vl}hv ri mm dqg m$m dqg/
frqvhtxhqwo|/ rq wkh uhodwlyh pdjqlwxghv ri wkh sdudphwhuv wkdw lqxhqfh frqvxpswlrq
dqg surgxfwlrq0vlgh g|qdplfv1
Wr lqyhvwljdwh lq pruh ghwdlo wkh frqglwlrqv xqghu wkh lqxhqfh ri hlwkhu m$m ru mm
grplqdwhv/ zh pxvw ghwhuplqh zkhwkhu wkhuh h{lvwv d wlph wW A 3 vxfk wkdw wkh vwrfn
ri lqwhuqdwlrqdo dvvhwv uhdfkhv d vwdwlrqdu| ydoxh gxulqj lwv wudqvlwlrqdo dgmxvwphqw/ l1h1/
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bq +wW, @ 31 Vroylqj +5;, iru wW/ zh rewdlq
w
W @ 
oq

3/E?3?f
E/3>+&3&f,

+$  ,
+5<d,
zkhuh wkh qhfhvvdu| frqglwlrqv iru wW A 3 fruuhvsrqg wr=
w
W
A 3 +, 3 ?

$ +q qf,
+$  , +n  nf,

? 4> +$  , A 3= +5<e,
Li wkh frqglwlrqv lq +5<e, krog/ wkh fxuuhqw dffrxqw zloo lqlwldoo| ghwhulrudwh ^ bq +w, ? 3>
3  w ? wW` ehiruh uhdfklqj d vwdwlrqdu| ydoxh dw wlph wW1 Vxevhtxhqwo|/ wkh fxuuhqw
dffrxqw lpsuryhv ^ bq +w, A 3> w A wW` dv wkh vwrfn ri lqwhuqdwlrqdo dvvhwv ulvhv wr lwv kljkhu
vwhdg| vwdwh ohyho1 Wkh odwwhu frqglwlrq lq +5<e, lv/ ri frxuvh/ htxlydohqw wr mm A m$m/ l1h1/
wkdw wkh vshhg ri dgmxvwphqw ri wkh surgxfwlrq0vlgh ri wkh hfrqrp| h{fhhgv wkh vshhg ri
dgmxvwphqw ri wkh frqvxpswlrq0vlgh ri wkh hfrqrp|1 Revhuyh/ lq dgglwlrq/ wkdw wkh uvw
frqglwlrq lq +5<e, iru wkh h{lvwhqfh ri bq +wW, @ 3 ghshqgv qrw rqo| rq wkh uhodwlyh vl}hv ri
mm dqg m$m/ exw dovr rq wkh udwlr ri wkh fkdqjhv lq wkh vwrfnv ri qhw dvvhwv dqg sk|vlfdo
fdslwdo/ ^+q qf, @+nnf,`1 Li/ lqvwhdg/ wkh frqglwlrqv lq +5<e, duh ylrodwhg/ wkhq wkh sdwk
ri q +w, zloo qrw uhdfk d vwdwlrqdu| ydoxh gxulqj wkh wudqvlwlrq wr vwhdg|0vwdwh htxloleulxp1
Lq wklv fdvh/ wkh fxuuhqw dffrxqw lpsuryhv ^ bq+w, A 3> w  3` gxulqj wkh hqwluh skdvh ri
dgmxvwphqw vwduwlqj iurp q +3, @ qf1
Lq oljkw ri rxu suhylrxv glvfxvvlrq/ wkh txhvwlrq qdwxudoo| dulvhv krz djhqwv* vwdwxv0
frqvflrxvqhvv lqxhqfhv wkh frqglwlrqv lq +5<e, dqg/ frqvhtxhqwo|/ wkh wudqvlwlrqdo eh0
kdylru ri wkh fxuuhqw dffrxqw1 Rq wkh rqh kdqg/ dq lqfuhdvh lq  orzhuv m$m/ zklfk sxwv
grzqzdug suhvvxuh rq wkh fxuuhqw dffrxqw edodqfh1 Rq wkh wkh rwkhu kdqg/ kljkhu ydoxhv
ri  dovr ohdg wr juhdwhu orqj0uxq vwrfnv ri qhw lqwhuqdwlrqdo qdqfldo dvvhwv q/ zklfk/ ri
frxuvh/ uhtxluhv wkh dffxpxodwlrq ri fxuuhqw dffrxqw vxusoxvhv1 Lq jhqhudo/ wkhq/ d juhdwhu
ghjuhh ri vwdwxv0frqvflrxvqhvv kdv dq dpeljxrxv hhfw rq wkh g|qdplfv ri wkh fxuuhqw
dffrxqw1 Zh fdq/ krzhyhu/ dqdo|}h wkh fdvhv lq zklfk +5<e, krogv iru rxu qxphulfdo sd0
udphwhul}dwlrq ri wkh hfrqrp|1 Vshflfdoo|/ zh fdq xvh rxu uhvxowv iurp Wdeohv 4/ 5d/ dqg
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5e wr fdofxodwh wkh whup
$ +q qf,
+$  , +n  nf,
zklfk zh ghqrwh e| 1 Rxu fdofxodwlrqv iru  duh jlyhq lq Wdeohv 6d dqg 6e1 Lq Wdeoh
6d zh fdofxodwh  iru wkh fdvh e @ 3=7/ zkloh lq Wdeoh 6e zh vhw e @ 5=81 Lq erwk
wdeohv/ zh shuplw wkh vwdwxv sdudphwhu  wr udqjh iurp 3=45 wr 3=57 dqg wkh dgmxvwphqw
frvw sdudphwhu k wr dvvxph ydoxhv iurp 4 wr 5312S Qrwh wkdw zh h{foxgh  @ 3=37 dqg
 @ 3=3; lq Wdeohv 6d dqg 6e/ vlqfh zh rqo| zlvk wr frqvlghu fdvhv lq zklfk q A 3 dqg
mm A m$m1 Lqvshfwlrq ri Wdeoh 6d uhyhdov wkdw 3 ?  ? 4 lq doo fdvhv dqg/ frqvhtxhqwo|/
wkdw wkh qhfhvvdu| frqglwlrqv lq +5<e, iru wW A 3 krog1 Wklv lpsolhv wkdw q+w, dwwdlqv d
vwdwlrqdu| ydoxh gxulqj lwv dgmxvwphqw skdvh1 Lq frqwudvw/ wkhvh frqglwlrqv qhhg qrw rewdlq
li e htxdov wkh kljkhu ydoxh ri 5=81 Li wkh dgmxvwphqw frvw sdudphwhu wdnhv uhodwlyho| orz
ydoxhv/ k @ +4> 8,/ wkhq 3 ?  ? 4 dqg wkh fxuuhqw dffrxqw zloo uhdfk d vwdwlrqdu| ydoxh dw
wlph wW1 Rq wkh rwkhu kdqg/ li k dvvxphv uhodwlyho| kljk ydoxhv/ k @ +48> 53,/ wkhq  A 4/
zklfk lpsolhv d srvlwlyh fxuuhqw dffrxqw edodqfh ^ bq+w, A 3` gxulqj wkh hqwluh wudqvlwlrqdo
skdvh1 Lq wkh lqwhuphgldwh fdvh lq zklfk k @ 43/ zh fdofxodwh 3 ?  ? 4 iru  @ +3=45>
3=49> 3=53,/ exw  A 4 li  @ 3=571 Lq wkh odwwhu fdvh/ wkh uhodwlyho| kljk ydoxh ri wkh vwdwxv
sdudphwhu  lpsolhv d uhodwlyho| odujh fkdqjh lq wkh vwrfn ri orqj0uxq lqwhuqdwlrqdo dvvhwv
q +vhh Wdeoh 4,/ zklfk uhtxluhv wkdw wkh hfrqrp| uxq fxuuhqw dffrxqw vxusoxvhv iru w  31
Wklv lv wuxh ghvslwh wkh idfw wkdw wkh frqvxpswlrq0vlgh vshhg ri dgmxvwphqw m$m +vhh Wdeoh
5e, lv uhodwlyho| orz lq wklv fdvh1
Zh fdq dovr looxvwudwh rxu uhvxowv e| phdqv ri skdvh gldjudpv12. Iljxuh 5d looxvwudwhv
lq wkh fdvh lq zklfk wkh frqglwlrqv lq +5<e, krog/ zkloh Iljxuh 5e ghslfwv wkh fdvh lq zklfk
wkh| duh ylrodwhg12H Dv looxvwudwhg lq Iljxuh 5d/ wkh fxuuhqw dffrxqw dw w @ 3 ghwhulrudwhv/
^ bq +3, ? 3`1 Wklv ghfolqh lq wkh fxuuhqw dffrxqw edodqfh uhhfwv wkh uhodwlyho| udslg dgmxvw0
phqw ri wkh sk|vlfdo fdslwdo vwrfn frpsduhg wr wkdw ri wkh vwrfn ri lqwhuqdwlrqdo dvvhwv1 Zh
fdq lghqwli| wzr uhdvrqv iru wklv uhvsrqvh1 Dv lqglfdwhg/ rqh lv wkh idfw wkdw wkh vshhg ri
dgmxvwphqw ri wkh surgxfwlrq0vlgh ri wkh hfrqrp| lv juhdwhu wkdw ri wkh frqvxpswlrq0vlgh/
2SAL U@*U*@|i { ? A@M*it @c M i ti|c |L| *Ltt Lu }i?ih@*|)c E&3&f ' 2SH2. 54*@h*)c E?3?f
i^@*t |i @*it Lu ? U@*U*@|i_ uLh q ' Ef2c fSc f2fc f2e ? A@M*i 
2.W? 6}hit 2 i @tt4i E?3 ?f : f
2HWu L?*) |i tiUL?_ UL?_|L? ? E2bM L*_tc *i |i ht| UL?_|L? t L*@|i_c |i? |i Uhhi?|
@UUL?| M@*@?Ui t TLt|i E ? E| : f _h?} |i i?|hi @_t|4i?| T@ti
55
mm A m$m1 Lqwxlwlyho|/ wklv lpsolhv d uhodwlyho| odujh lqlwldo _exlog0xs% ri dgmxvwphqw frvwv
ri lqyhvwphqw/ zklfk sodfhv grzqzdug suhvvxuh rq wkh fxuuhqw dffrxqw edodqfh1 Wkh rwkhu
frqglwlrq iru wklv uhvxow uhtxluhv wkh udwlr ^+n  nf,@+q  qf,` wr h{fhhg d fulwlfdo ohyho/
ghwhuplqhg e| uhzulwlqj wkh uvw frqglwlrq lq +5<e,12b Diwhu w @ 3/ wkh hfrqrp| surfhhgv
dorqj wkh orfxv OPQ lq lwv wudqvlwlrq wr wkh vwhdg|0vwdwh htxloleulxp dw srlqw Q 1 Revhuyh
wkdw frqvxpswlrq frqwlqxrxvo| ulvhv dorqj wkh orfxv OPQ 1 Wklv uhhfwv wkh rq0jrlqj lq0
fuhdvh lq rxwsxw gxh wr wkh ulvlqj vwrfn ri fdslwdo1 Dw srlqw P / ghwhuplqhg e| vroxwlrq
iru bq +wW, @ 3/ zkhuh wW lv jlyhq e| +5<d,/ wkh vwdwlrqdu|/ dqg plqlpxp/ ydoxh ri q +wW,
lv uhdfkhg1 Wkhuhdiwhu/ iru w A wW/ erwk wkh vwrfn ri qhw qdqfldo dvvhwv dqg frqvxpswlrq
lqfuhdvh wrzdug +f> q,1f Wklv uhhfwv wkh uhodwlyh uhgxfwlrq lq wkh udwh ri sk|vlfdo fdslwdo
dffxpxodwlrq frpsduhg wr wkdw ri qhw qdqfldo dvvhwv dv w$41 Revhuyh lq Iljxuh 5d wkdw
wkh vorsh ri wkh OPQ orfxv dssurdfkhv +uW  $, A 3 dv wkh sdwk ri +f> q, dssurdfkhv
srlqw Q 1 Xvlqj wkh vroxwlrqv lq +5:d/ e,/ wklv lv ghulyhg e| fdofxodwlqj wkh iroorzlqj udwlr=
+f f,
+q q,
@
 +uW  $,
k
+q qf, . +n  nf,
l

k
+q qf, . +n  nf,
l
. +n  nf,hE>3/|
= +63,
Fohduo|/ vlqfh mm A m$m lq wklv fdvh/ zh rewdlq=
vorsh
+f f,
+q q,
$ +uW  $, > dv w$4=
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Zh wxuq qh{w wr Iljxuh 5e/ zklfk looxvwudwhv wkh fdvh lq zklfk rqh ru erwk ri wkh
frqglwlrqv lq +5<e, duh ylrodwhg1 Wkh dgmxvwphqw ri qhw qdqfldo dvvhwv dqg frqvxpswlrq
lq Iljxuh 5e lv ghslfwhg e| wkh orfxv ST1 Dorqj ST/ wkh fxuuhqw dffrxqw edodqfh lv
dozd|v srvlwlyh dqg djhqwv hqmr| lqfuhdvlqj ohyhov ri frqvxpswlrq/ l1h1/ bq +w, A 3/ bf +w, A 31
Zkloh lqvwdoodwlrq frvwv ri lqyhvwphqw duh srvlwlyh lq wklv fdvh/ lwv hhfw rq wkh grphvwlf
ghpdqg lv lqvxflhqw wr fdxvh wkh fxuuhqw dffrxqw edodqfh wr lqlwldoo| ghwhulrudwh gxulqj
wkh wudqvlwlrq wr wkh qhz vwhdg| vwdwh dw srlqw T1 Zh judsk lq Iljxuh 5e wkh fdvh lq zklfk
wkh vorsh ri wkh ST orfxv dssurdfkhv }hur dv +f> q, dssurdfk wkhlu orqj0uxq ydoxhv dw srlqw
T1 Uhfdoolqj htxdwlrq +63,/ wklv krogv li m$m A mm/ l1h1=

vorsh
+f f,
+q q,
$ 3> dv w$4=
Ehiruh zh ohdyh wklv vhfwlrq/ lw lv lpsruwdqw wr glvfxvv d nh| glhuhqfh ehwzhhq Iljxuh
4/ wkh skdvh gldjudp iru wkh fdslwdo vwrfn dqg lwv vkdgrz ydoxh/ dqg Iljxuhv 5d dqg 5e
wkdw ghvfuleh wkh g|qdplfv ri frqvxpswlrq dqg wkh fxuuhqw dffrxqw edodqfh1 Lq sduwlfxodu/
qrwh lq Iljxuhv 5 wkdw zh kdyh looxvwudwhg qhlwkhu wkh bq @ 3 dqg bf @ 3 orfl qru wkh duurzv
ri prwlrq ri wkh +q> f, skdvh sodqh1 Uhfdoolqj wkh h{suhvvlrqv iru bq +w, dqg bf +w, lq htxdwlrqv
+:h, dqg +;,/ revhuyh wkdw wkh| ghshqg rq wkh ydoxh ri wkh fdslwdo vwrfn n dw wlph w1 Vlqfh/
krzhyhu/ wkh fdslwdo vwrfn lv d g|qdplf yduldeoh wkdw hyroyhv frqwlqxrxvo|/ wkh srvlwlrqv
ri wkh bq @ 3 dqg bf @ 3 orfldv zhoo dv wkh gluhfwlrqdo duurzv lq wkh skdvh sodqhduh dovr
frqwlqxdoo| vkliwlqj wkurxjk wlph1 Frqvhtxhqwo|/ wkh| fdqqrw eh gudzq lq Iljxuhv 5d dqg
5e1
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Dv lv zhoo0nqrzq/ wkh edvlf vpdoo rshq hfrqrp| Udpvh| prgho kdv wzr sureohpdwlf fkdu0
dfwhulvwlfv= l, wkh odfn ri dq lqwhulru htxloleulxp li wkh udwh ri wlph suhihuhqfh glhuv iurp
wkh zruog lqwhuhvw udwh dqg ll, qr lqyhvwphqw g|qdplfv li wkh pdujlqdo sk|vlfdo surgxfw ri
fdslwdo lv dozd|v htxdo wr wkh h{rjhqrxv dqg wlph lqyduldqw zruog lqwhuhvw udwh1 Lqfrusr0
udwlqj suhihuhqfhv ryhu uhodwlyh zhdowk fdq ryhufrph wkh uvw sureohp1 Qhyhuwkhohvv/ wkh
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vhfrqg lvvxh fdqqrw eh uhvroyhg zlwk uhodwlyh zhdowk suhihuhqfhv dorqh1 Wkh sxusrvh ri
wklv sdshu zdv wr lqyhvwljdwh wkh lqwhuwhpsrudo htxloleulxp ri d vpdoo rshq hfrqrp| wkdw
frpelqhv erwk uhodwlyh zhdowk suhihuhqfhv dqg fdslwdo vwrfn g|qdplfv1
Dprqj rxu uhvxowv/ zh irxqg wkdw lq rxu iudphzrun wkh g|qdplfv ri vpdoo rshq
hfrqrp| ghshqgv rq wzr glvwlqfw vshhgv ri dgmxvwphqw= rqh dulvlqj iurp wkh vwdwxv0
frqvflrxvqhvv dqg wkh rwkhu ghulylqj iurp wkh surfhvv ri dffxpxodwlqj sk|vlfdo dvvhwv1
Zh vkrzhg/ qhyhuwkhohvv/ wkdw wkh g|qdplfv ri wkh fxuuhqw dffrxqw edodqfh ghshqgv rq
erwk vshhgv ri dgmxvwphqw1 Lq idfw/ wkh wzr vshhgv ri dgmxvwphqw whqg wr kdyh rssrvlqj
vkruw0uxq hhfwv rq wkh fxuuhqw dffrxqw1 D odujhu surgxfwlrq0vlgh vshhg ri dgmxvwphqw
ohdgv lqlwldoo| wr fxuuhqw dffrxqw ghflwv/ zkloh d odujhu frqvxpswlrq0vlgh vshhg ri dg0
mxvwphqw uhvxowv lq fxuuhqw dffrxqw vxusoxvhv lq wkh vkruw0uxq dv zhoo dv lq wkh orqj0uxq1
Frqvhtxhqwo|/ wkh fxuuhqw dffrxqw edodqfh fdq h{klelw qrq0prqrwrqlf sdwkv1 Iru lqvwdqfh/
wkh fxuuhqw dffrxqw edodqfh fdq lqlwldoo| ghwhulrudwh ehiruh lpsurylqj lq wkh wudqvlwlrq wr
wkh vwhdg|0vwdwh htxloleulxp1
Lq dqdo|}lqj lq juhdwhu ghwdlo wkh g|qdplfv ri lqwhuqdwlrqdo dvvhwv/ zh ghulyhg wkh
frqglwlrqv wkdw ghwhuplqh zkhwkhu lw uhdfkhv d vwdwlrqdu| ydoxh sulru wr vwhdg|0vwdwh htxl0
oleulxp1 Wkhvh frqglwlrqv ghshqg rq wkh vshhgv ri dgmxvwphqw dv zhoo dv rq wkh orqj0uxq
g|qdplfv ri lqwhuqdwlrqdo dvvhwv dqg grphvwlf sk|vlfdo fdslwdo1 Zh irxqg wkdw ehfdxvh wkh
ghjuhh ri vwdwxv0frqvflrxvqhvv erwk orzhuv wkh vshhg ri dgmxvwphqw ri wkh frqvxpswlrq0
vlgh ri wkh hfrqrp| dqg udlvhv wkh vwrfn ri lqwhuqdwlrqdo dvvhwv/ lwv uhodwlrqvkls wr wkh
hyroxwlrq ri wkh fxuuhqw dffrxqw lv frpsoh{1 Lq wklv frqwh{w/ zh frqgxfwhg d qxphulfdo
dqdo|vlv wr h{dplqh krz wkh ghjuhh ri vwdwxv0frqvflrxvqhvv dhfwv wkh g|qdplfv ri wkh
fxuuhqw dffrxqw xqghu glhuhqw sdudphwhu ydoxhv1


^4` Eduur/ Urehuw M1/ dqg [dylhu Vdod0l0Pduwlq1 Hfrqrplf Jurzwk1 Qhz \run= PfJudz0
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+4<;;,/ 5680861
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